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New exact solution of the cylindrically symmetric Einstein-Maxwell equations is pre-
sented. The solution is singular on the axis of symmetry and at the radial infinity, where
sources should be placed. The accepted source at the origin can be interpreted as a
charged domain wall shell.
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In general relativity cylindrically symmetric wave solutions are well-known1.
The general cylindrical line element that is capable of radiation has the form2:
ds2 = e2(γ−ψ)
(
dt2 − dr2)− r2e−2ψdθ2 − e2ψ (dz + ωdθ)2 , (1)
where the quantities γ, ψ and ω are functions of the time t and the radial coordinate
r. For the wave solution the functions ψ and ω represent two dynamical degrees
of freedom of gravitational field, the linear and the cross polarizations. The most
studied subclass of (1) is the case with ω = 0, which in the vacuum corresponds to
the Einstein-Rosen gravitational waves3.
The function γ in (1) corresponds to the gravitational energy of the system, the
so-called C-energy4,
C(t, r) =
1
2
ln |gttgzz| , (2)
which gives the total gravitational energy per unit length between the axis of sym-
metry and the radius r at time t. Being a locally conserved and measurable quantity,
C-energy is a useful tool for the analysis of cylindrical systems. For example, it can
be linked to the occurrence of conical singularities5 and trapped surfaces6 of cylin-
drically symmetric sources. Note also that the quantity
Erad(t, r) =
1
2
[
C˙(t, r) − C(t, r)′
]
, (3)
where the overdot mean time derivative and the prime stand for derivative with
respect of radial coordinate, measures the energy radiated away.
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In literature there were considered various effects for the wave line element (1)
having analogy with electromagnetic radiation. For example, there was found the
Faraday rotation of polarization plane of gravitational waves7, including rotation
between gravitational and electromagnetic waves8; Connections with the Bessel
beams was considered in9; It was shown that (1) can represent standing gravita-
tional waves10.
In this paper we obtain new exact wave-like solution of the cylindrical Einstein-
Maxwell equations and study properties of its feasible source. We work with the
system of Einstein-Maxwell field equations11
Rαβ = 8πGTαβ , (4)
∂ν
(√−ggναgµβFαβ) = 0 , (5)
where G is the Newton constant and
Tαβ =
1
4π
(
−FαµFµβ +
1
4
gαβFµνF
µν
)
(6)
is the energy-momentum tensor of electromagnetic field.
The non-zero components of Ricci tensor for (1) are:
Rtt = ψ − 2ψ˙2 −γ − 1
2r2
e4ψω˙2 ,
Rrr = −ψ − 2ψ′2 +γ + 2
r
γ′ − 1
2r2
e4ψω′2 ,
Rθθ = ωe
−2γ+4ψ
[
ω +
2
r
ω′ + 4
(
ω˙ψ˙ − ω′ψ′
)]
−
− (r2 − ω2e4ψ) e−2γ
[
ψ − 1
2r2
e4ψ
(
ω˙2 − ω′2)
]
,
Rzz = e
−2γ+4ψ
[
ψ − 1
2r2
e4ψ
(
ω˙2 − ω′2)
]
, (7)
Rrt =
1
r
γ˙ − 2ψ˙ψ′ − 1
2r2
e4ψω˙ω′ ,
Rθz = ωe
−2γ+4ψ
[
ψ − 1
2r2
e4ψ
(
ω˙2 − ω′2)
]
+
+
1
2
e−2γ+4ψ
[
ω +
2
r
ω′ + 4
(
ω˙ψ˙ − ω′ψ′
)]
,
where
 =
∂2
∂t2
− ∂
2
∂r2
− 1
r
∂
∂r
(8)
represents the D’Alembert operator in cylindrical coordinates.
In cylindrical symmetric case the gauge can be chosen so that the only
non-vanishing components of electromagnetic vector potential are Aθ(t, r) and
Az(t, r)
4,12. Main results of the paper remain the same if for the simplicity we
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suppose that only the azimutal component of the vector potential is non-zero, i.e.
At = Ar = Aθ = 0 , Az = A(t, r) . (9)
In this case the only non-zero components of the electro-magnetic tensor are:
Ftz = A˙ , Frz = A
′ , (10)
and the energy-momentum tensor (6) takes the form:
Ttt = Trr = −1
2
gzz
(
A˙2 +A′2
)
,
Tθθ =
1
2
gθθg
ttgzz
(
A˙2 −A′2
)
,
Tzz =
1
2
gtt
(
A˙2 −A′2
)
, (11)
Ttr = −gzzA˙A′ ,
Tθz =
1
2
gθzg
ttgzz
(
A˙2 −A′2
)
.
Using the expressions of the determinant
√−g = re2(γ−ψ) , (12)
and the inverse metric tensor,
gtt = −grr = e−2(γ−ψ) ,
gθθ = − 1
r2
e2ψ ,
gzz = −e−2ψ − ω
2
r2
e2ψ , (13)
gθz =
ω
r2
e2ψ ,
it can be shown that the Maxwell equations (5) for the ansatze (1) and (9) reduce
to:
ωA+ 2ω
(
A˙ψ˙ −A′ψ′
)
+
2
r
ωA′ +
(
ω˙A˙− ω′A′
)
= 0 ,
A− 2
(
A˙ψ˙ −A′ψ′
)
+
ω
r2
e4ψ
(
ω˙A˙− ω′A′
)
= 0 . (14)
This system is solved if we put
ω˙A˙ = ω′A′ , A¨ = A′′ ,
ψ˙ = 0 , ψ′ =
1
2r
. (15)
So for our choice of electromagnetic field (10) we are left with the static gravitational
potential ψ ∼ ln r. The Einstein equations (4) set additional restrictions on unknown
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functions and the final form of new solution is
A = A(t± r) ,
ω = const ,
ψ =
1
2
ln r , (16)
γ =
1
4
ln r +
1
4
C(t± r) + lnD .
Here D is a constant related to the global conicity of the space, the vector potential
A(t± r) is any function of light-like coordinates |t± r| and
C(x) =
1
2
(
1 + ω2
) ∫ x
0
A(y)′2dy (17)
is the C-energy (2) of the system. So the line element (1) for our solution (16) takes
the form:
ds2 =
D2e2C(t±r)√
r
(
dt2 − dr2)− rdθ2 − r (dz + ωdθ)2 . (18)
This metric corresponds to the space-time of some cylindrically symmetric source
having the stationary gravitational potentials ψ and ω, which radiates energy by
electromagnetic waves according the law (3).
In literature there exist several other exact solutions to the cylindrical Einstein-
Maxwell equations (4) and (5)1. Even various method of generating exact solution
of this system from a given seed metric were developed13. For example, harmonic
solution for the case ω = 0 is presented in9; most general static solution, again
for ω = 0, was found in4,14. To the best my knowledge the line element (18),
which is the ω 6= 0 generalization of the metric considered in15, represents the new
static-harmonic solution to the Einstein-Maxwell equations.
Physical meaning of (18), as of any cylindrically symmetric solutions of the com-
bined Einstein-Maxwell equations (4) and (5), are fairly well understood. Existing
solutions in most cases, as well as (18), are singular at r = 0. Our metric has singu-
larity also at r →∞. To avoid singularities it is necessary to introduce sources along
the axis of symmetry and at the infinity. To understand what kind of source can
be placed at the origin for our solution (18) lets consider seed metric by plugging
A(t, r) = C(t, r) = ω = 0. We notice that the seed metric
ds2 =
D2√
r
(
dt2 − dr2)− rdθ2 − rdz2 , (19)
represents the subclass of the Levi-Civita space-time16 with the value of the pa-
rameter (that relates to the energy density of the source) equal to −1/2 (the power
of r in front of dt2 in (19)). So Lewi-Civitas’s mass per unit length MLC for the
metric (19) appears to be negative,
MLC = − 1
2G
, (20)
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what means that the possible source actually repels particles outside the axis of
symmetry rather than attracting them4,18.
Problems in identifying sources of the Levi-Civita space-time has been reviewed
in17, cylinders18 and cylindrical shells19 were studied as a physical acceptable
sources. Since Levi-Chivita metric with negative parameter correspond to a repul-
sive line mass probably best candidate for the source of our metric (18) is the
charged domain wall shell20. The space-time (18) actually is closed at r →∞ and
it seems that this metric can give geometry between the two coaxial cylindrical
shells, which are located at the origin and at the infinity.
The shells as a source of the LeviCivita metric made of various types of matter
can be studied20,21 using thin-wall formalism22. Since our solution requires multi-
ple shell system (at least two, one at the origin and one at the infinity) we assume
that interior region of the shell is not flat and can be described by similar to (19)
metric, but with different parameter D. After straightforward calculations using
thin-wall formalism22 the energy ǫ and the components of momentum pz, pθ can be
written as:
ǫ = − 1
8πGr3/4
(
1
D+
− 1
D−
)
,
pz = pθ =
1
32πGr3/4
(
1
D+
− 1
D−
)
, (21)
where D± are values of the parameter D inside and outside of the cylindrical shell.
From these relations we see that to have positively defined energy of the shell we
should require D+ > D−. Also we notice that the shell is isotropic,
pz = pθ = p , (22)
and its equation of state is
ǫ = −1
4
p . (23)
which is similar to the equation of state of a domain walls (for a flat domain wall
ǫ = −p). It is easy to check that the shell obeys the weak energy condition:
ǫ ≥ 0 , ǫ+ pz ≥ 0 , ǫ+ pθ ≥ 0 , (24)
the dominant energy condition:
ǫ ≥ 0 , − ǫ ≤ pz ≤ ǫ , − ǫ ≤ pθ ≤ ǫ , (25)
and the strong energy condition:
ǫ+ pz + pθ ≥ 0 . (26)
In summary the new exact solution to the cylindrically symmetric Einstein-
Maxwell equations was obtained. The solution is singular on the axis of symmetry
and at the infinity, where sources should be placed. Since our solution (16) contains
electromagnetic radiation and non-diagonal metric components, and since core re-
gion exhibits gravitational repulsion, the source at the origin can be interpreted as
a charged domain wall shell.
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